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Introduction
The chemostat model appears in the fifteens as the mathematical representation of the microbial growth in the chemostat experimental device, invented simultaneously by Monod [1] and Novick-Szilard [2] . If s and x denote respectively the substrate and biomass concentrations in a culture vessel of volume V , Email address: alain.rapaport@inra.fr (Alain Rapaport) where Y 1 is the yield conversion of substrate into biomass, µ(·) the specific growth rate of the micro-organisms (which is non-negative function, null only at s = 0), Q the input flow and S in the input concentration of substrate. 10 Later, this model has been used to represent many other ecosystems in natural environments [3, 4, 5] , which have in common a continuous culture of microorganisms. This model (or close versions of it) is often found in bio-mathematics, theoretical ecology or bio-processes literature (see for instance [6, 7, 8, 9] ). More generally, it is a popular model of resource-consumer in living sciences (although 15 the word "chemostat" is not always used).
The model (1) [10, 11, 12, 13, 14] ). The performances of the related ecosystems are usually not addressed in those theoretical studies. This is different in bio-processes literature. Optimizing the performances is of primer interest, but mixed cultures are rarely considered.
The objective of the present paper is to review studies of extensions of the 30 model (1) that have revealed "non-intuitive" messages (in the sense that the conclusions cannot be deduced straightforwardly from the equations) related to the performances. We do not pretend here to be exhaustive but we focus on situations for which a certain kind of complexity could emerge from quite simple ecosystems. More precisely, we consider structures of the model (1) in a 35 1 without any loss of generality one can assume Y = 1 in equations (1) by simply denoting the quantity X/Y by X 2 few compartments that can change radically the behavior of the solutions and its performances. The consideration of spatial compartments in the chemostat model (also named gradostat which refers to the experimental device proposed by Lovitt and Wimpenny [15] ) is not new [16, 17, 18, 19, 20, 21, 11, 22, 23, 13, 24, 25, 14] , but we focus here on the output performances of the systems.
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From another view point, interconnected chemostats are often considered in biotechnology for optimizing the productivity [26, 27, 28, 29, 30, 31] but most of the time the configurations are in series with pure culture. In the present work, we consider more general interconnection structures and the possibilities of having several species in different niches. The paper is organized as follows.
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In Section 2, we analyze the effect of a spatialisation described in terms of interconnected compartments, and show how interconnection patterns could impact the performances. In Section 3 we study the interest for having a diversity in the compartments. In Section 4, we consider inhibitory resources and demonstrate the role of patterns on the ecosystem stability and its performances. Finally,
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in Section 5, the bio-augmentation is analyzed in terms of another mean that could impact the stability of the ecosystem.
Spatial patterns in the chemostat
In this Section, we assume that the growth function µ(·) is monotonically increasing. A usual function is given by the Monod's expression (see Figure 11) 55 in the Appendix):
For convenience we denote the dilution rate D = Q V , and define, as it is often made in the literature, the break-even concentration associated to the growth function as
Let us first recall the classical results about the asymptotic behavior of the 60 solutions of the model (1) (see for instance [12] ). The equilibria are the wash-out 3 E 0 = (S in , 0) and a positive steady state The systems of equations (13) and (14) for the serial in parallel configurations are given in Appendix. One has the following result. 
Biodiversity and spatial patterns
Now we consider the case of two species (or two consumers) of concentrations x 1 , x 2 in competition for the single limiting resource in the chemostat. A straightforward extension of the mono-specific model (1) is given by the system 110 (where the yield parameter Y has been kept equal to 1)
where D = Q/V is the dilution rate, as before. On can see, from the two last depending on which species has been chosen in each tank. The equations (16) of the dynamics are given in the Appendix.
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For convenience, we denote the modified break-even concentration
Then, the output concentration at steady state when species i and j are present in the first and second tanks, respectively, is given by
where r denotes the ratio V 1 /V , as before. We look for situations for which having different species in each compartment is beneficial for the performance,
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according to the following definition.
Definition 1. (Over-yielding).
A configuration (r, α) presents over-yielding when there exits i = j such that
Consider Q and V such that Q/V =D, and a configuration (r, α) with α/r < 1.
One has necessarily (1 − α)/(1 − r) > 1. Denote thenD 1 = (α/r)D and
and similarly F a,b (r, α) < F a,a (r, α). So an over-yielding occurs for the particular value of D =D. One can show that this also occurs for any D not too far 160 fromD, as stated in the following result.
Proposition 2. From Assumption 1, over-yielding occurs for (r, α) such that
We 
Inhibitory resources in the chemostat
In this Section we consider non-monotonic growth functions µ(·), that are increasing for values of s up a threshold s m and decreasing for values of s larger of s m . A typical instance is given by the Haldane function (see Figure 11 ) in the Appendix).
9 Andrews has shown that such functions well represent a growth inhibited by large densities of the resource [35] . For such functions, the concept of breakeven concentration recalled in Section 2 has to be revisited. Following [36] , we consider the interval
that we assume to be an interval (λ − (D), λ + (D)), possibly empty. Note that for which is globally asymptotically stable. The second case can faces irreversibility when a sudden drop of the biomass occurs, due for instance to temporary toxicity or harvesting. It can lead the state to the attraction basin of the wash-out equilibrium. Contrary to the monotonic case, the biomass cannot recover from such event and finally dies. Given Q and V , we consider rich environment, that is for S in > λ + (D).
If
If one considers a serial configuration, the wash-out equilibrium stays attractive in both compartment, as the dilution rates are Q/V 1 , Q/V 2 are above D.
205
For the parallel configuration (with no diffusion) a dilution rate Q 1 /V 1 small enough makes the wash-out equilibrium repulsive in the first compartment, but one can easily check that this implies to have the dilution rate Q 2 /V 2 larger than D and thus the wash-out equilibrium is attractive in the second compartment. However, we show that there exists another configuration with two 210 compartments (without diffusion) that allows to preserve robustly biomass in both compartment, that we call buffered connection as drawn on Figure 6 . The equations (17) of the dynamics of this configuration are given in the Appendix.
It is convenient to parameterize this configuration with the pair (r, α) defined as r = V 1 /V and α = (Q 2 /V 2 )/D. We note that the second tank has a single 215 input and therefore behaves as a single chemostat. Let us fix α < 1 such that 
along with x 1 = S in − s 1 . The solutions of this equation can be graphically interpreted as the intersection of the graphs of the functions µ(·) and φ r (·).
It has been shown in [37] there always exist functions φ r (·) whose graph possesses a unique intersection with the graph of µ(·). For such cases, there is a unique positive equilibrium in the first tank as well. In [37] , the following result is given.
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Proposition 3. Assume S in > λ + (D). For any α ∈ (0, 1) such that αD < µ(S in ), there exists r ∈ (0, 1) such that buffered chemostat configuration with (r, α) has an unique positive equilibrium. Moreover, for any initial condition with x 2 (0) > 0, the solution converges asymptotically to this equilibrium.
One can also see on Figure 7 that the price to pay for stability with a buffered 235 interconnection is that the output concentration of the resource s out as steady state (which is equal to s 1 ) is larger than λ − (D), which is the output concentration of the single chemostat of volume V at the positive equilibrium. In [37] , the problem of minimizing s out among all the buffered configurations that ensure global stability is also studied. The following result is provided in [37] .
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Proposition 4. Assume S in > λ + (D). The configuration (r , α ) minimizing the output substrate concentration s out (r, α) at steady state among all the globally stable configurations fulfills the following properties.
1. One has α = µ(s ) where s maximizes the function
2. There exists a thresholdS in > 0 defined as
such that r ∈ (0, 1) when S in is under this threshold and r = 1 when S in is above.
Indeed, the thresholdS in corresponds to the limiting case for which it is not possible to have an unique s 1 solution of (11) with s 1 ≤s 1 for α = α . Then,
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a configuration with a single tank (r = 1) and a by-pass (i.e. Q 1 such that Q 1 /V < µ(S in ) passes through the tank while Q 2 by-passes it) is the most efficient way to ensure a global stability of the system. This amounts to say that for very rich environment a global stability is quite penalizing in terms of performances (see Figure 8 ). 
Bio-augmentation and stability
In this Section, we consider a species a for which the resource is inhibitory, as in Section 4, with input parameters (D, S in ) such that S in > λ + a (D). For such case, we study the effect of adding a species b on the stability of the ecosystem.
One cannot have (generically) both species at steady state, as explained in
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Section 3 but differently to the monotonic case, the winning species could depend on the initial condition. Denote the possible equilibria
. One has the following result.
, and consider the set
1. If I is an interval with S in ∈ I, E − i is the unique stable equilibrium that attracts any solution with x a (0) > 0 and x b (0) > 0. This result has been proved in [36] and later extended in [38, 39, 40] for different removal rates.
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Let the species a be alone with a initial condition in the attraction basin of the wash-out equilibrium: species a goes to the wash-out (see Figure 10 that species c being less efficient then species b, is not fast enough to consume the resource for avoiding the species a to be washed-out.
Concluding messages
The present study highlights several messages in terms of input-output performances of an ecosystem, which seems to be original in the ecology literature.
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It can be summarized as follows.
• There always exist spatial distributions which improve the substrate conversion compared to a single perfectly mixed volume. For rich environments (i.e. for large value of S in ), a serial distribution can be the most efficient, while for a poor environment a parallel distribution can be the 305 best, and a moderate diffusion could even improve it.
• While spatial patterns could allow to have different species present in the ecosystem at steady state, there is no interest of having more than one species in serial configurations in view of performances. Situation is much different for parallel configurations. Under the crossing assumption, one 310 can have two niches in parallel with a different species in each niche that together have a better utilization of the resource than having the same species in each niche.
• In presence of inhibition, particular spatial patterns such as the buffered interconnection could bring global stability instead of bi-stability, but at 315 the price of a trade-off with its performances.
• Bio-augmentation could be another mean to obtain a global stability in presence of inhibition, allowing to recover the initial performances in case of a sudden drop of the most efficient species.
Finally, we have shown that the consideration of simple extensions of the 320 well-known chemostat model could reveal properties, that we consider to be non-intuitive, in terms of performances and stability. This strengthens the contribution of mathematical analysis for a deeper understanding, that could be applied on similar or closed models, such as the ones used for instance for soil ecosystems or epidemiology. The system of equations for the serial configuration is:
with s out = s 2 .
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The system of equations for the parallel configuration is:
with s out = Q1s1+Q2s2 Q1+Q2 .
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The system of equations for the serial configuration with two species is: (15) with s out = s 2 .
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The system of equations for the parallel configuration (with no diffusion) is: 
